
~Simple Groups Lie Type
↓
how him theory can be used to construct finite
simple groups through the work at Chevelley and cuation
of Cherally basis -> important because these him you groups

are amejor part of the classificationQLevalley Basis 4
.

1
· fall finite simplegroups .

~similar idea ofgoing
from a root system to Lie algebra

Let
of
be a non-trivial simple Lie algebra

with Cartan subalgebra h

Cartan decomposition :

g
= h& ga

t !

direct sum of hand root spacesI root system
ga root space

construct a basis :

· choose fundamental coroots h
, , ..., he th

where l = dink or #of simple roots

as any coroot bath corresponding to anyroot
& Et is a linear combination of fundamental

-

coroots h
, ,

. . ., he with coefficients in 2



· for each root x
,
choose nonzero vectors

etya

since dim
ga

: l
, ea is determined by a

scalar

(can shoul the lie bracket [es
,
[c] is a nonzero

multiple of ha

· so un choose Latga , e-a-g-a such

that [eac-a] = ha
&

consider [exep] where a +B + 0

the forath
,

((ex , <p]] = [[xea]ep] +Lea(xep]]
= x(x)(ea=] + B(x)(ecep]

= (a + B)(x)[exep)
so if a +B

,
[exep] = 0

if c + Pet
, [exep]t ga + N



supposea+ BE and let [exep] =Na
,
Ea + R

integer structurthen [C
-

a

?-p] =Na
,
-pe-c - p

constant
it coefficients in the
formte Pur [xi

,xj]
Na

,
iN- a

,
-B

= (p + 1)2

where p isHe

ron regative integer s
.
t. B

,
-a + B

,
-2 a+ B, .,

-

pa + B are roots but-Lp+ a + B is not a

rout

then
,
for vectors

Lega can write

(exep] = (p +1) + p
whn c +BEE

~tiplication of basis elements an given by
[hi hj] =

(h : ec] = za:> ea
La ;,

9:

(eat-a] = ha
,

a X-combination of h...., he

[eclp] = = (p + 1) ec+p
it a + Btq

[e
<
<p] = 0 if a + B +, c + B + 0

Thus ,
the hie product of any two basis elements



is a -combination of basic elements

This kind of basis is called a Chevalley basis

Automorphisms-

for any x ,

XEC consider the rep

ad (xea) :
g -y

given by ad (xex)x = <[eax]

lineer
rep expadical I + added + -del-

because
this

rup is hilpotent as (adlive)- 0 for some k

the sum is finite

then
, expadaeal thereforms

every elect of
the Chevalley

basis into a liner combination of basis eleants with

coefficients which are polgronials in X with coefficients in 2

The elements expodticed form the adjoint

algebraic group
withLie algebra g.
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def Gad(k) as the adjoint Chevalley

group
over a field k built frommatrices

representing expladital) whos Ack

Gad (k) is simple , apart from a small finite number

of exceptions when h is finite

examples :

Ac-PSLe ,
(K) projective special liner grop

CetPSpeelk of degun tel ourk
(

projective symp
lectic Lis rank of

group of degree 21 over k
not system)

FiniteChevalley Groups

consider k is a finite field

It of elements in
any
finite field is a prime pour and for each

prim power g = p
?

Had is just one field Fy

with o elements so when k = Fg me write

Gnd (k) = Gu(q)



order formula /Galgh=d
-DI) ... Label

explain if here time
/

d
, , ... de an degries of basic polynomial invariats (Wagh

grup)

the
group Gad(g) is a finite simple group except in

ease A
,

(2)
,

A
,
(3)

,
B

,
(2)

,
G
:
(2)

These
groups

are called the simple Chevalley groups.

TwistedGroups - also finite simple groups obtainable

from Lie theory
twisted group an obtained wheneve the Dynkin diagram
has a symmetry

ex .

Ae 0000-0122

De 00-00124
-o

0
Du 0-0

Y



-zkiand Ree groups
arise from symmetries of Dynkin diagrams that
don't

preserve root lengths
so they have symmetry without arrows

,
but not when

arrows are included

2x B2 #o

Gz =o

# 0-o-o

Chuvalley groups, twisted groups, Suzuki and Ree groups
our finite fields am called the finite groups

of

Lie typer
-assificationof finite simple groups
completed in 1981

every
finitesimple group is isomorphic to one

of:

->



· cyclic group of prime order
· alternating group of degree has
· finite simple group of Lie type
&

on of 26 sporadic simple group
note:

·most finite simple groups are of his type
the monster

group is the largest sporadia group
and it has links toLim thory through Kaa-Moody
algebres and string thory

Recop/Ouriem-

· Churally basis lets us delive Lie algebras
over arbitery fields
↓

this gives rise
to finite Cherally groups

andHe other
groups like the twisted ymup

↓

these groups make up
the majority of the

finite simplegroup classification


